Mayer's method for the expansion of the partition function o f a gas is adapted to the calculation of the partition function of a binary solid solu tion. The partition function is expanded in powers of the atomic fraction. Singularities in this expansion correspond to a phase transition. The singu larity can be calculated in the simplest case of a binary solution with a two-phase region. This case is treated in full; the limits of solubility and the specific heat are obtained. The latter is discontinuous at the phase boundaries.
I ntroduction
The simplest approxim ation in calculating the partition function o f binary system s is obtained by assuming th at the atom s o f the two sub stances are distributed at random over the lattice points. In actual fact the random distribution is not the m ost probable configuration, owing to th e fact that the interaction energies between like and unlike atom s in general 2. The configurational energy and the partition function Consider a system of N atoms, composed of caN -atoms and 5-atoms. Here ca and cb are the atomic fractions; their sum is unity ca + c6 = 1 -
The N atoms are distributed over N lattice points. Any distribution con stitutes a thermodynamical configuration.
I introduce the following simplifications:
(1) The thermal oscillations are independent of the configuration. I may then disregard them altogether, since they give only an additive constant. Only if changes of volume are taken into account should the volume dependence of the thermal frequencies be included.
(2) The interactions between like and unlike particles differ only if the two particles are nearest neighbours, but not if they are farther apart. This simplification is not essential for the application of the following method, but it should be a good approximation if the difference in the interaction arises mainly from the repulsive forces.
With these simplifications the total energy of a configuration can be expressed in terms of the numbers a, b, c of nearest two A-atoms, two 5-atom s or an A-atom and a 5-atom : E = aVaa + bV» + cVa + NV'.
(2-Here Vaa, Vbb and Vab are the interaction energies between the corresponding pairs of particles when they are nearest neighbours, and V' represents the remainder of the energy. The bond number a obviously depends only on the configuration of the A-atoms. But, if the latter is given, the 5-atom s must necessarily occupy the remaining vacant lattice points, so that the total configuration is also determined apart from trivial interchanges of the 5-atom s. I should therefore expect that the three bond numbers a, b, c are not independent of each other.
Indeed, a short calculation gives (cf. I f ca or cb are greater than 1 the expressions (3* 14) and (3* 16) hold over th whole range of concentrations and the two substances form a solid solution for any concentration. The same is clearly the case if + is greater than unity. In the latter case the expressions (3* 14), (3* 16) have a common region of validity, in which they must be identical; it follows that neither of them can have a singularity throughout the whole region of atomic fractions and ca as well as cb must be greater than unity.
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If we neglect the change of volume with the atomic fraction it follows of course that ca and cb are identical, since in this case the definitions (3-7) and (3*18) coincide.
Binary solutions with a two-phase region
The expression (3-15) for the free energy holds up to an atomic fraction for which the large cluster sums bt begin to depend on the this region the free energy is linear in the atomic fraction. For ca greater than 1 -cb the free energy, according to (3-16), is not linear. It follows that this atomic fraction, for which the linear expression (3* 15) breaks down, is smaller than or equal to 1 -cb. Consider the case that (3-15) holds right up to I -Then there are three distinct regions: small atomic fractions of A -atoms (ea ^ ca), small atomic fractions of B-atoms ( cb cb), and a region in free energy is linear. In the first two regions the two substances form a solid solution; in the middle region we have clearly a two-phase region.
The atomic fractions ca, cb then are the limits of solubility. In principle they are given by the asymptotic value of the irreducible cluster sums. But in practice it is impossible to evaluate them. One can, however, determine the limits of solubility by an indirect method. In the two-phase region we have two different expressions (3*15) and (3*17) for the free energy. They must be identical. Since the free energy in this region is linear, I obtain two con ditions which are sufficient to determine the two limits of solubility. I f I wish to take into account the change of volume between the two atomic fractions, the irreducible cluster integrals and the interaction energies in the two expressions (3-15) and (3-17) are not identical, and I shall add a suffix a or b, indicating that the values of these quantities for the volumes corre sponding to the atomic fractions ca and cb are understood. Furthermore, I have to add in this case the free energy ^40SC due to the thermal oscillations. The critical temperature corresponding to the appearance of superstructure is therefore not given by these equations.
The limits of solubility
Below the critical temperature there exists a two-phase region between the limits of solubility ca and cb. These are given either by a singularity in the series Ox(ca, /?") or by the equation Ox(ca, fiv) = 1, whichever gives the smaller value (cf. I, § 6). In both cases the equation (4*3) must hold, which has been derived in general, n V ln c " -G 0(ca>A ) = -£ y .
(8-1) Now, it can easily be proved that the solution of this equation does not coincide with the solution of Gx = 1, the latter being in fact larger than the former (strictly speaking there is no solution of Gx = 1, since beyond the singularity this series is only semi-convergent). It follows that below the critical point ca is a singular pdint* and that /? ,)< ! (T < T C). V being negative, the limits of solubility tend to zero for T against zero. 9 9. The specific heat Now consider a binary solution with a definite atomic fraction ca. As the temperature changes, the most probable configuration will change with the temperature. At low temperatures like atoms tend to keep apart from each other, as it is energetically more favourable; but at higher temperatures the probability of like atoms being in neighbouring positions increases, until for infinite temperature it coincides with the probability obtained from a random distribution. This change is accompanied by an increase in energy and leads therefore to an additional specific heat. The total thermal 
Below T(ca) the specific heat is given by the alternative expressions (9*13) or (9*14). The latter converges badly except at low temperatures. which has been used for numerical calculation. I f ca tends to \ both numer ator and denominator in the second term of (A. 21) tend to zero, but the quotient remains finite. It can easily be verified in general that this also holds for the exact expression.
